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Abstract
We study the influence of the angle between the two dipole transition mo-
ments on the group velocity for two kinds of three-level V-type systems with
spontaneously generated coherence and incoherent pumping. The group ve-
locity of the probe field for both kinds of the V-type systems alternates
between the subluminal or superluminal regimen. We can choose a real
three-level V-type system from atoms or molecules to exhibit subluminal or
superluminal light propagation by a proper geometry of the probe, coupling
and incoherent pumping fields, which depends on the angle between the two
dipole transition moments.
Keywords: subluminal light propagation, superluminal light propagation,
angle between dipole transition moments, V-type system, spontaneously
generated coherence, incoherent pumping
1. Introduction
It is well known that the group velocity of a laser can be subluminal
or superluminal in atomic gases [1, 2, 3, 4, 5] and solid praseodymium
doped in Y2SiO5 [6]. The control of the group velocity can be accomplished
through the electromagnetically induced transparency and electromagneti-
cally induced amplification [4, 5, 7, 8, 9, 10]. The spontaneously generated
coherence (SGC) has a major influence on the regimen of the group velocity.
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The effects of the SGC on the change of the group velocity from sublumi-
nal to sperluminal was studied for three-level Lambda systems without [11]
and with [12] incoherent pumping. The three-level V-type system is another
model of system of interest in which it can be achieved a probe field group
velocity lower or higher than the light speed c (c ∼= 3 · 108 m/s). There are
two kinds of the three-level V-type system which was shown in our work
[13]. In the three-level V-type system of the first kind one field acts on only
one transition. The relative phase effects on the group velocity in a V-type
system of the first kind with spontaneously generated coherence and without
incoherent pumping leads to the subluminal and superluminal group velocity
[9]. The same change from subluminal to superluminal regimen of the group
velocity of the probe field can be obtained by variation of the incoherent
pumping rate and the SGC parameter, which depends on the angle between
the two induced dipole moments, in the V-type system of the first kind with
incoherent pumping [14]. In the three-level V-type system of the second kind
all three fields, the probe, the coupling and the incoherent pumping (if is
considered) fields drive both optical allowed transitions. The group velocity
can pass from the subluminal to superluminal regimen and viceversa by the
modification of the relative phase between the probe and coupling fields, too,
in the case of this type of system [15]. In a recent paper sent to publication
[13] we found that in both kinds of the three-level V-type systems the proper
choice of the relative phase between the probe and coupling fields and the in-
coherent pumping rate leads to the subluminal or superluminal propagation
of the probe field.
Another parameter which can impinge on the group velocity in both kinds
of three-level V-type systems with SGC is the angle between the two dipole
transition moments, denoted with θ. In the case of the three-level V-type
system of the first kind the knob effect of the parameter which is direct
proportional with θ was relieved in connection with the incoherent pumping
rate, but without the dependence on the relative phase [14]. Our goal is
to obtain the dependence of the group velocity on the the angle between
the two dipole transition moments and the relative phase for the both kinds
of the three-level V-type systems described in our previous paper [13]. We
presented a real V-type system of the second kind from the LiH molecule in
our previous work [16]. In this case the angle θ = π and we showed that it
can exhibit subluminal or superluminal group velocity [13]. We will compare
these results with those obtained from the general formulas in angle θ for the
V-type system of the second kind in the particular case of antiparallel dipole
2
moments when θ = π.
A brief presentation of both three-level V-type systems and the formulas
of the group index will be given in Section 2. The Subsection 2.1 is devoted
to the three-level V-type system of the first kind and the Subsection 2.2
to the three-level V-type system of the second kind. Numerical results of
the dependence on the θ angle of the index group for both kinds of V-type
systems are shown in Section 3. We conclude with some remarks in the last
section.
2. Theory
We divided the three-level V-type systems with spontaneously generated
coherence and incoherent pumping in two kinds [13]. Below we will describe
them and the index group formulas depending on the density matrix elements
and the other parameters of the V-type system with incoherent pumping.
2.1. The V-type system of the first kind
The closed three-level V-type system of the first kind is the most known
V-type system. It consists of two closely-lying excited states |1〉 and |2〉
and a ground state |3〉, as shown in Figure 1(a). The rates of spontaneous
emission from levels |1〉 and |2〉 to ground level |3〉 are denoted by 2γ1 and
2γ2, respectively. The transition |2〉 ↔ |3〉 with frequency ω23 are driven
by a coupling coherent field (E2 = ǫ2e
−iω2t + c.c.) with the Rabi frequency
2Gc = 2ǫ2 · d23/~, where d23 is the transition dipole moment. Between the
levels |1〉 and |3〉 is applied a probe field (E1 = ǫ1e−iω1t + c.c.) with the Rabi
frequency 2gp = 2ǫ1 · d13/~. The transition |1〉 ↔ |3〉 with the frequency ω13
and dipole moment d13 is pumped with a rate 2Λ by an incoherent field. The
detunings of the probe field and the coupling field are ∆1 = ω13 − ω1 and
∆2 = ω23 − ω2, respectively.
The density matrix formalism was used to describe this system by the
statistical view. The density matrix equations system (2) from [13] con-
tains two important parameters related to the SGC: the parameter η and
the relative phase between the probe and coupling field phases φ. The pa-
rameter η describes the quantum interference between spontaneous emission
from excited levels |1〉 and |2〉 to ground level |3〉 and depends on θ, the
angle between the two dipole momentum d13 and d23, η = η0
√
γ1γ2 cos θ,
where η0 ≡ (ω23/ω13)3/2 [17]. The SGC effects are important only for small
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Figure 1: (a) The three-level V-type system with two near-degenerated excited states |1〉,
|2〉 and a ground level |3〉. (b) The electric dipole transition moments are chosen so that
one field acts on only one transition.
energy spacing between the two excited levels [18], and for high energy spac-
ing such effects will disappear [19]. As the excited levels |1〉 and |2〉 are
near-degenerated, then ω23 ≈ ω13 and η0 ≈ 1. The condition to have
spontaneously generated coherence is η 6= 0, which means that we must
have a nonorthogonal dipol momentum of the two transitions. Therefore
we choose the dipole momentum so that one field acts on one transition
(d13 ⊥ ǫ2, d23 ⊥ ǫ1) as it can be shown in Figure 1(b). Rabi frequencies
are connected to the angle θ by the relations 2gp = 2|E1||d13| sin θ/~ and
2Gc = 2|E2||d23| sin θ/~. The influence of the angle θ on the probe coeffi-
cient absorption and refractive index was evidenced in our paper [20]. The
nonorthogonality of the dipolar momentum can be achieved from the mixing
of the levels arising from internal [21] or external fields [22, 23, 24, 25, 26].
The formula of the group index was deduced by us in our previous work
[13]
ng − 1 = Nd
2
31
~ǫ0g
[Reρ˜31 − ω1dReρ˜31
d∆1
]. (1)
with the derivative of the real part of the density matrix element ρ˜31, Reρ˜31,
with respect to the probe detuning ∆1 given in the Appendix of [13]. This
relation will be used in our numerical calculations.
2.2. The V-type system of the second kind
The three-level V-type system of the second kind is the system from the
Figure 1(a) but where the probe, the coupling and the incoherent pumping
fields act on both transitions. The density matrix equations system differs
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from the system of linear equations (1) from [13] for the V-type system of
the first kind by the appearance of the term 2Λρ˜33 in the second equation
and can be written as
−2γ1ρ˜11 + 2Λρ˜33 − ηeiφρ˜12 − ηe−iφρ˜21 + i(g +G′)ρ˜31 − i(g +G′)ρ˜13 = 0
−2γ2ρ˜22 + 2Λρ˜33 − ηeiφρ˜12 − ηe−iφρ˜21 + i(G+ g′)ρ˜32 − i(G + g′)ρ˜23 = 0
−(γ1 + 2Λ + i∆1)ρ˜13 − ηe−iφρ˜23 + i(g +G′)(ρ˜33 − ρ˜11)− i(G+ g′)ρ˜12 = 0
−(γ2 + 2Λ− i∆2)ρ˜23 − ηeiφρ˜13 − i(g +G′)ρ˜21 + i(G+ g′)(ρ˜33 − ρ˜22) = 0
−[γ1 + γ2 + i(∆1 −∆2)]ρ˜12 − ηe−iφ(ρ˜11 + ρ˜22)+
i(g +G′)ρ˜32 − i(G+ g′)ρ˜13 = 0 (2)
with g, g’, G, G’ the real Rabi frequencies. The other equations have the
same terms as (1) from [13], where the Λ, g and G are replaced by 2Λ, g+G′
and G + g′, respectively. The dependence on the angle between the dipole
transition moments d13 and d23, θ is contained in the same paramater η as
in the case of the V-type system of the first kind, but additionally it appears
in the Rabi frequencies formulas as following
2g = 2E1d13/~ (3)
2g′ = 2E1d23 cos θ/~ (4)
2G = 2E2d23/~ (5)
2G′ = 2E2d13 cos θ/~, (6)
if we choose the probe field E1 parallel with the dipole transition moment
d13 and the coupling field E2 parallel with the dipole transition moment d23.
Using the relations (10) and (11) from [13] the electric susceptibility of
the medium χe becomes
χe =
2N(ρ˜13d31 + ρ˜23d32)
ǫ0E1
. (7)
The choise of the dipole transition moments from above gives us the formula
of the electric susceptibility of the medium as
χe =
2N(ρ˜13d13 + ρ˜23d23 cos θ)
ǫ0E1
. (8)
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The quantity that we will study is the group index ng − 1, which is related
to the real part of electric susceptibility and is
ng − 1 = Nd13
ǫ0g~
{[Reρ˜13 − (ω13 −∆1)dReρ˜13
d∆1
]d13 +
[Reρ˜23 − (ω13 −∆1)dReρ˜23
d∆1
]d23 cos θ}. (9)
The difference between the above relation and the expression (13) of the
group index from our work [13] is the presence of the cos θ in the second
term of the above relation. The real V-type system of the second kind from
LiH molecule studied by us in [13] is a particularly case when the angle
between the two dipole transition moments θ is π.
3. Results
In Figure 2 can be shown that for the three-level V-type system of the
first kind, for each value of the angle θ between the two dipole transition
moments d13 and d23 one can choose the value of the relative phase φ to
have a subluminal (ng − 1 > 0) or superluminal (ng − 1 < 0) probe field
group velocity. The values of the group index are lower with three order
of magnitude for the relative phase φ = 0,±2π,±π (see Figure 2 (a)) than
the relative phase equal with ±π/2,±π/3, π/4, π/6 (see Figure 2 (b)). We
considered the parameters of the system as: γ1 = 2.5 · 104 Hz, γ2 = 0.33γ1,
∆2 = 0, ω1 = 10
10γ1, Λ = γ1, g = 0.033γ1, G = 60, 76γ1, N = 10
18
molecules/m3. Another behaviour of the group index we can see from the
Figure 2 (a) is that it is periodically with the relative phase φ, with the
period 2π.
The Figure 3 is dedicated to the three-level V-type system of the second
kind. Numerical results of the group index ng − 1 from equation (9) are
plotted for few values of the relative phase φ in the range [−2π, 2π] and
the angle θ ∈ [0, π]. The system which we choose is the real LiH molecule
V-type system of the second kind which we have shown in [13] with the
parameters γ1 = 2.475 · 104 Hz, γ2 = 0.33γ1, ∆2 = 0, ω1 = 1010γ1, Λ = γ1,
g = 0.033γ1, G = 235.35γ1, ω13 = 2 · 1011γ1, N = 1018 molecules/m3. The
Rabi frequencies g′ and G′ are given by the relations (4) and (6), respectively.
For the angle θ ∈ [0, π/2) and every relative phase φ 6= ±π the group index
ng − 1 has only positive values which means the probe field group velocity is
subluminal as can be seen in Figure 3(a). The group index ng − 1 < 0 when
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Figure 2: The group index ng − 1 as a function of the angle between the two dipole
transition moments, θ, in the case of the V-type system of the first kind for some values of
the relative phase φ: (a) 0, ±2pi, ±pi and (b) ±pi/2,±pi/3, pi/4, pi/6. The other parameters
of the system are: γ1 = 2.5 · 104 Hz, γ2 = 0.33γ1, ∆2 = 0, ω1 = 1010γ1, Λ = γ1,
g = 0.033γ1, G = 60, 76γ1, N = 10
18 molecules/m3.
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Figure 3: The group index ng−1 as a function of θ for the V-type system of the second kind.
The relative phase φ is: (a) 0, ±2pi, pi/3, pi/4, pi/6 and (b) ±pi. The other parameters
of the system are: γ1 = 2.475 · 104 Hz, γ2 = 0.33γ1, ∆2 = 0, ω1 = 1010γ1, Λ = γ1,
g = 0.033γ1, G = 235.35γ1, ω13 = 2 · 1011γ1, N = 1018 molecules/m3.
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θ ∈ (π/2, π] and relative phase φ 6= ±π, then the probe field group velocity
is superluminal. The group index is null when the angle θ = π/2. This is an
expected result, because for θ = π/2 there is no effect of the spontaneously
generated coherence. In Figure 3 (b) can be seen the behaviour of the group
index in the case of the relative phase φ = ±π, which is different and its
values are lower with three order of magnitude than in the other case from
Figure 3 (a). It is kept the periodicity with relative phase φ with the period
2π. The straightforward calculations of the group index ng − 1 using the
relation (9) and the numerical solutions of the equation system (2) in the
case of the real V-type system of the second kind from the LiH molecule [13]
lead us to the same graphic as in the Figure 7(b) for the incoherent pumping
rate Λ = γ1.
4. Conclusions
We studied the influence of the angle between the two dipole transition
moments, denoted θ, on the group velocity of the probe field for both kinds
three-level V-type systems. We have shown that the group velocity of the
probe field in the case of the V-type system of the first kind can be subluminal
or superluminal for each value of the angle θ if we change the value of the
relative phase φ. The V-type system of the second kind is different. The
group velocity of the probe field is lower than the light velocity for every
value of the relative phase φ 6= ±π and the angle θ ∈ [0, π/2). For an angle
θ ∈ (π/2, π] the group velocity of the probe field is higher than the light
speed not depending on the relative phase φ 6= ±π. The real system of the
LiH molecule of the V-type system of the second kind confirms our previous
results for the particularly value of the angle θ = π.
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